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MICRO-LOCAL ANALYSIS WITH FOURIER
LEBESGUE SPACES. PART I
STEVAN PILIPOVI, NENAD TEOFANOV, AND JOACHIM TOFT
Abstrat. Let ω, ω0 be appropriate weight funtions and q ∈
[1,∞]. We introdue the wave-front set, WFFLq
(ω)
(f) of f ∈ S ′
with respet to weighted Fourier Lebesgue spae FL
q
(ω). We prove
that usual mapping properties for pseudo-dierential operators
Op(a) with symbols a in S
(ω0)
ρ,0 hold for suh wave-front sets. Es-
peially we prove that
WFFLq
(ω/ω0)
(Op(a)f) ⊆WFFLq
(ω)
(f)
⊆WFFLq
(ω/ω0)
(Op(a)f)
⋃
Char(a). (*)
Here Char(a) is the set of harateristi points of a.
0. Introdution
In this paper we introdue wave-front sets of appropriate Banah
(and Fréhet) spaes. We espeially onsider the ase when these Ba-
nah spaes are Fourier-Lebesgue type spaes. The family of suh wave-
front sets ontains the wave-front sets of Sobolev type, introdued by
Hörmander in [17℄, as well as the lassial wave-front sets with re-
spet to smoothness (f. Setions 8.1 and 8.2 in [16℄), as speial ases.
Roughly speaking, for any given distribution f and for appropriate Ba-
nah (or Frehét) spae B of tempered distributions, the wave-front set
WFB(f) of f onsists of all pairs (x0, ξ0) in R
d× (Rd \ 0) suh that no
loalizations of the distribution at x0 belongs to B in the diretion ξ0.
We also establish mapping properties for a quite general lass of
pseudo-dierential operators on suh wave-front sets, and show that
our approah leads to a exible miro-loal analysis tools whih ts
well to the most ommon approah developed in e.g. [16,17℄. Espeially
we prove that usual mapping properties, whih are valid for lassial
wave-front sets (f. Chapters VIII and XVIII in [16℄) also hold for wave-
front sets of Fourier-Lebesgue type. For example, we prove (*) in the
abstrat, that is, any operator Op(a) to some extent shrink the wave-
front sets and the opposite embedding an be obtained by inluding
Char(a), the set of harateristi points of the operator symbol a.
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t Classi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The symbol lasses for the pseudo-dierential operators are of the
form S
(ω0)
ρ,δ (R
2d) whih onsists of all smooth funtions a on R2d suh
that a/ω0 ∈ S
0
ρ,δ(R
2d). Here ρ, δ ∈ R and ω0 is an appropriate smooth
funtion on R
2d
. We note that S
(ω0)
ρ,δ (R
2d) agrees with the Hörmander
lass Srρ,δ(R
2d) when ω0(x, ξ) = 〈ξ〉
r
, where r ∈ R and 〈ξ〉 = (1 +
|ξ|2)1/2.
The set of harateristi points Char(a) of a ∈ S
(ω0)
ρ,δ depends on the
hoies of ρ, δ and ω0 (see Denition 1.3). This set is empty when a
satises a loal elliptiity ondition with respet to ω0. In ontrast to
Setion 18.1 in [16℄, Char(a) is dened for all symbols in S
(ω0)
ρ,δ , and not
only for polyhomogeneous symbols. Furthermore, if a is a polyhomo-
geneous symbol, then Char(a) is smaller than the set of harateristi
points, given by [16℄ (see Remark 1.4 and Example 3.9). This is espe-
ially demonstrated for a broad lass of hypoellipti partial dierential
operators. For any hypoellipti operator Op(a) with onstant oe-
ients and with symbol a, we may hoose the symbol lass suh that
it ontains a, and suh that a is ellipti with respet to that weight.
Consequently, Char(a) is empty, and in view of (*) in the abstrat it
follows that suh hypoellipti operators preserve the wave-front sets,
as they should (see Theorems 3.7 and 4.5, and Corollary 3.8).
Information on regularity in the bakground of wave-front sets of
Fourier Lebesgue types might be more detailed omparing to lassial
wave-front sets, beause we may play with the exponent q ∈ [1,∞]
and the weight funtion ω in our hoie of Fourier Lebesgue spae
FLq(ω)(R
d). By hoosing q = 1 and ω(ξ) = 〈ξ〉N , where N ≥ 0 is an
integer, FL1(ω)(R
d) loally ontains CN+d+1(Rd), and is ontained in
CN(Rd). Consequently, our wave-front sets an be used to investigate
miro-loal properties whih, in some sense, are lose to CN -regularity.
Another example is obtained by hoosing q = ∞ and ω = ω0. If E
is a parametrix to a pseudo-dierential operator Op(a) with a ∈ S
(ω0)
ρ,0 ,
then
Op(a)E = δ0 + ϕ,
whih belongs loally to FL∞, giving that WFFL∞(Op(a)E) is empty.
Hene (*) in the abstrat shows that WFFL∞
(ω)
(E) is ontained in
Char(a). In partiular, if in addition Op(a) is ellipti with respet to
ω0, then it follows that WFFL∞
(ω)
(E) is empty, or equivalently, E is lo-
ally in FL∞(ω). This implies that for eah x ∈ R
d
and test funtion ϕ
on R
d
we have
|F (ϕE)(ξ)| ≤ Cω(x, ξ)−1, (0.1)
for some onstant C. Here we remark that every hypoellipti partial
dierential operator with onstant oeients is ellipti with respet
to some admissible weight ω0. Therefore, our results an be applied in
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eient ways on suh operators. (See Theorem 3.7 and Corollary 3.8
for the details.)
In the seond part of the paper (Setions 5 and 6) we dene wave-
front sets with respet to (weighted) modulation spaes (whih also
involve ertain types of Wiener amalgam spaes), and prove that they
oinide with the wave-front sets of Fourier Lebesgue type. Here we also
extend some wave-front results to pseudo-dierential operators with
symbols whih are dened in terms of modulation spaes of "weighted
Sjöstrand type". These symbol lasses are superlasses to S
(ω0)
ρ,0 (R
2d),
and ontain non-smooth symbols.
The modulation spaes have been introdued by Feihtinger in [5℄,
and the theory was developed further and generalized in [79,11℄. The
modulation spae Mp,q(ω)(R
d), where ω denotes a weight funtion on
phase (or time-frequeny) spae R
2d
, is the set of tempered (ultra-) dis-
tributions whose short-time Fourier transform belongs to the weighted
and mixed Lebesgue spae Lp,q(ω)(R
2d). It follows that the weight ω quan-
ties the degrees of asymptoti deay and singularity of the distribu-
tions.
Modulation spaes have been, in parallel, inorporated into the al-
ulus of pseudo-dierential operators, through the study of ontinuity
of (lassial) pseudo-dierential operators ating on modulation spaes
(f. [4, 19, 20, 2426℄), as well as through the analysis of operators of
non-lassial type, where modulation spaes are used as symbol lasses.
For example, after a systemati development of the modulation spae
theory already had been done by Feihtinger and Gröhenig, Sjöstrand
introdued in [23℄ a superspae of S00,0 whih turned out to oinide with
M∞,1, and used this modulation spae as a symbol lass. He proved that
M∞,1 as symbol lass orresponds to an algebra of operators whih are
bounded on L2. Sjöstrand's results were thereafter further extended
in [1214,2729℄.
The paper is organized as follows. In the beginning of Setion 1 we
reall the denition of (weighted) Fourier Lebesgue spaes. We ontinue
with the denition and basi properties of pseudo-dierential operators
in Subsetion 1.1. Then, in Subsetion 1.2 we dene sets of harater-
isti points for a broad lass of pseudo-dierential operators and prove
that these sets might be smaller than harateristi sets in [16℄ (see also
Example 3.9 in Setion 3). In Subsetion 1.3 we reall the denition and
basi properties of modulation spaes, and, in Subsetion 1.4 we intro-
due a lass of pseudo-dierential operators with non-smooth symbols
in the ontext of modulation spaes. In Setion 2 we dene wave-front
sets with respet to (weighted) Fourier Lebesgue spaes, and prove
some important properties for suh wave-front sets. Thereafter we on-
sider in Setion 3 mapping properties for pseudo-dierential operators
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in ontext of these wave-front sets, and, in partiular, we prove (*) in
the abstrat.
In Setion 4 we onsider wave-front sets obtained from sequenes of
Fourier Lebesgue spae spaes. We show that these types of wave-front
sets ontain lassial wave-front sets (with respet to smoothness), and
that the mapping properties for pseudo-dierential operators also hold
in ontext of suh wave-front sets. In partiular, we reover the well-
known property (*) in the abstrat, for usual wave-front sets (f. Setion
18.1 in [16℄).
In Setion 5 we introdue wave-front sets with respet to modulation
spaes, and prove that they oinide with wave-front sets of Fourier
Lebesgue types. In Setion 6 we onsider mapping properties on wave-
front sets of pseudo-dierential operators with symbol lasses dened
in terms of weighted Sjöstrand lasses.
Finally, we remark that the present paper is the rst one in series
of papers. In the seond paper [21℄ we onsider produts in Fourier
Lebesgue spaes, related to the new notion of wave-fronts with ap-
pliations to a lass of semilinear partial dierential equations. In [18℄
the authors together with Karoline Johansson show that the wave-front
sets of Fourier Lebesgue and modulation spae types an be disretized,
and how they an be implemented in numerial omputations.
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1. Preliminaries
In this setion we reall some notations and basi results. In what
follows we let Γ denote an open one in Rd \ 0 with vertex at origin. If
ξ ∈ Rd \ 0 is xed, then an open one whih ontains ξ is sometimes
denoted by Γξ.
Assume that ω and v are positive and measurable funtions on Rd.
Then ω is alled v-moderate if
ω(x+ y) ≤ Cω(x)v(y) (1.1)
for some onstant C whih is independent of x, y ∈ Rd. If v in (1.1) an
be hosen as a polynomial, then ω is alled polynomially moderated.
We let P(Rd) be the set of all polynomially moderated funtions on
R
d
. If ω(x, ξ) ∈ P(R2d) is onstant with respet to the x-variable
(ξ-variable), then we sometimes write ω(ξ) (ω(x)) instead of ω(x, ξ).
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In this ase we onsider ω as an element in P(R2d) or in P(Rd)
depending on the situation.
We also need to onsider lasses of weight funtions, related to P.
More preisely, we let P0(R
d) be the set of all ω ∈ P(Rd)
⋂
C∞(Rd)
suh that ∂αω/ω ∈ L∞ for all multi-indies α. For eah ω ∈ P(Rd),
there is an equivalent weight ω0 ∈ P0(R
d), that is, C−1ω0 ≤ ω ≤ Cω0
holds for some onstant C (f. [28, Lemma 1.2℄).
Assume that ρ, δ ∈ R. Then we let Pρ,δ(R
2d) be the set of all ω(x, ξ)
in P(R2d) ∩ C∞(R2d) suh that
〈ξ〉ρ|β|−δ|α|
∂αx ∂
β
ξ ω(x, ξ)
ω(x, ξ)
∈ L∞(R2d),
for every multi-indies α and β. Note that in ontrast to P0, we do not
have an equivalene between Pρ,δ and P when ρ > 0. On the other
hand, if s ∈ R and ρ ∈ [0, 1], then Pρ,δ(R
2d) ontains ω(x, ξ) = 〈ξ〉s,
whih are one of the most important lasses in the appliations.
The Fourier transform F is the linear and ontinuous mapping on
S ′(Rd) whih takes the form
(Ff)(ξ) = f̂(ξ) ≡ (2π)−d/2
∫
Rd
f(x)e−i〈x,ξ〉 dx
when f ∈ L1(Rd). The map F is a homeomorphism on S ′(Rd) whih
restrits to a homeomorphism on S (Rd) and to a unitary operator on
L2(Rd).
Let q ∈ [1,∞] and ω ∈ P(Rd). The (weighted) Fourier Lebesgue
spae FLq(ω)(R
d) is the inverse Fourier image of Lq(ω)(R
d), i. e. FLq(ω)(R
d)
onsists of all f ∈ S ′(Rd) suh that
‖f‖FLq
(ω)
≡ ‖f̂ · ω‖Lq . (1.2)
is nite. If ω = 1, then the notation FLq is used instead of FLq(ω). We
note that if ω(ξ) = 〈ξ〉s, then FLq(ω) is the Fourier image of the Bessel
potential spae Hps (f. [1℄).
Here and in what follows we use the notation FLq(ω) instead of the
less umbersome FLqω, beause in forthoming papers (f. [18,21℄), we
often assume that ω is of the partiular form ω(ξ) = 〈ξ〉s, and in this
ase we set FLqs = FL
q
(ω) without brakets for the weight parameter.
Remark 1.1. In many situations it is onvenient to permit an x depen-
deny for the weight ω in the denition of Fourier Lebesgue spaes.
More preisely, for eah ω ∈ P(R2d) we let FLq(ω) be the set of all
f ∈ S ′(Rd) suh that
‖f‖FLq
(ω)
≡ ‖f̂ ω(x, · )‖Lq
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is nite. Sine ω is v-moderate for some v ∈ P(R2d) it follows that
dierent hoies of x give rise to equivalent norms. Therefore the ondi-
tion ‖f‖FLq
(ω)
<∞ is independent of x, and it follows that FLq(ω)(R
d)
is independent of x although ‖ · ‖FLq
(ω)
might depend on x.
1.1. Pseudodierential operators. In this subsetion we reall some
fats from Chapter XVIII in [16℄ onerning pseudo-dierential oper-
ators. Let a ∈ S (R2d), and let t ∈ R be xed. Then the pseudo-
dierential operator Opt(a) whih orresponds to the symbol a is the
linear and ontinuous operator on S (Rd), dened by
(Opt(a)f)(x) = (2π)
−d
∫∫
a((1− t)x+ ty, ξ)f(y)ei〈x−y,ξ〉 dydξ. (1.3)
If t = 0, then Opt(a) is the Kohn-Nirenberg representation a(x,D) =
Op(a) = Op0(a), and if t = 1/2, then Opt(a) is the Weyl quantization
of a.
For general a ∈ S ′(R2d), the pseudo-dierential operator Opt(a) is
dened as the operator with distribution kernel
Kt,a(x, y) = (2π)
−d/2(F−12 a)((1− t)x+ ty, x− y). (1.4)
Here F2F is the partial Fourier transform of F (x, y) ∈ S
′(R2d) with
respet to the y-variable. We remark that Kt,a makes sense as a distri-
bution in S ′(R2d). In fat, the map
F (x, y) 7→ F ((1− t)x+ ty, x− y)
is obviously a homeomorphism on S (R2d) and on S ′(R2d). Further-
more, by straight-forward omputations it follows that the partial Fourier
transformF2 is a homeomorphism on S (R
2d), and extends in the usual
way to a homeomorphism on S ′(R2d) whih is unitary on L2 (f. e. g.
Setion 7.1 in [16℄). Consequently, if a ∈ S ′(R2d), then Kt,a in (1.4)
makes sense as a tempered distribution, and Opt(a) is a ontinuous
operator from S (Rd) to S ′(Rd). As a onsequene of Shwartz kernel
theorem it follows that the map a 7→ Opt(a) is bijetive from S
′(R2d)
to the set of linear and ontinuous operators from S (Rd) to S ′(Rd).
We also note that Kt,a belongs to S (R
2d), if and only if a ∈ S (R2d),
and that the latter denition of Opt(a) agrees with the operator in (1.3)
when a ∈ S (R2d).
If a ∈ S ′(R2d) and s, t ∈ R, then there is a unique b ∈ S ′(R2d) suh
that Ops(a) = Opt(b). By straight-forward appliations of Fourier's
inversion formula, it follows that
Ops(a) = Opt(b) ⇐⇒ b(x, ξ) = e
i(t−s)〈Dx,Dξ〉a(x, ξ). (1.5)
(Cf. Setion 18.5 in [16℄.)
Next we disuss symbol lasses whih will be used in the sequel. Let
ρ, δ ∈ R and let ω0 ∈ Pρ,δ(R
2d). Then the symbol lass S
(ω0)
ρ,δ (R
2d)
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onsists of all a ∈ C∞(R2d) suh that
|∂αx∂
β
ξ a(x, ξ)| ≤ Cα,βω0(x, ξ)〈ξ〉
−ρ|β|+δ|α|. (1.6)
It is lear that S
(ω0)
ρ,δ is a Frehét spae with semi-norms given by the
smallest onstant whih an be used in (1.6).
If ω0(x, ξ) = 〈ξ〉
r
, then S
(ω0)
ρ,δ (R
2d) agrees with the Hörmander lass
Srρ,δ(R
2d). Usually it is assumed that 0 ≤ δ < ρ ≤ 1.
The following result shows that pseudo-dierential operators with
symbols in S
(ω0)
ρ,δ behave well.
Proposition 1.2. Let a ∈ S
(ω0)
ρ,δ (R
2d) where ω0 ∈ Pρ,δ(R
2d), ρ, δ ∈
[0, 1], 0 ≤ δ ≤ ρ ≤ 1 and δ < 1. Then Opt(a) is ontinuous on S (R
d)
and extends uniquely to a ontinuous operator on S ′(Rd).
Proof. We have S
(ω0)
ρ,δ (R
2d) = S(ω0, gρ,δ), when g = gρ,δ is the Riemann-
ian metri on R
2d
, dened by the formula(
gρ,δ
)
(y,η)
(x, ξ) = 〈η〉2δ|x|2 + 〈η〉−2ρ|ξ|2
(f. Setion 18.418.6 in [16℄). >From the assumptions it follows that
gρ,δ is slowly varying, σ-temperate and satises gρ,δ ≤ g
σ
ρ,δ, and that
ω0 is gρ,δ-ontinuous and σ, gρ,δ-temperate (f. e. g. Setions 18.418.6
in [16℄ for denitions). The result is now a onsequene of Proposition
18.5.10 and Theorem 18.6.2 in [16℄. The proof is omplete. 
1.2. Sets of harateristi points. In this subsetion we dene the
set of harateristi points of a symbol a ∈ S
(ω0)
ρ,δ (R
2d), when ω0 ∈
Pρ,δ(R
2d) and 0 ≤ δ < ρ ≤ 1. As remarked in the introdution, this
denition is slightly dierent omparing to [16, Denition 18.1.5℄ in
view of Remark 1.4 below.
Let R > 0, X ⊆ Rd be open and let Γ ⊆ Rd \0 be an open one. For
onveniene we say that an element c ∈ S0ρ,δ(R
2d) is (X,Γ, R)-unitary
when
c(x, ξ) = 1 when x ∈ X, ξ ∈ Γ and |ξ| ≥ R.
If (x0, ξ0) ∈ R
d × (Rd \ 0), then the element c is alled unitary near
(x0, ξ0) if c is (X,Γ, R)-unitary for some open neighbourhood X of x0,
open onial neighbourhood Γ of ξ0 and R > 0.
Denition 1.3. Let 0 ≤ δ < ρ ≤ 1, ω0 ∈ Pρ,δ(R
2d), a ∈ S
(ω0)
ρ,δ (R
2d),
and set µ = ρ − δ > 0. The point (x0, ξ0) in R
d × (Rd \ 0) is alled
non-harateristi for a (with respet to ω0), if there are elements b ∈
S
(1/ω0)
ρ,δ (R
2d), c ∈ S0ρ,δ(R
2d) whih is unitary near (x0, ξ0), and h ∈
S−µρ,δ (R
2d) suh that
b(x, ξ)a(x, ξ) = c(x, ξ) + h(x, ξ), (x, ξ) ∈ R2d.
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The point (x0, ξ0) in R
d × (Rd \ 0) is alled harateristi for a (with
respet to ω0), if it is not non-harateristi for a with respet to ω0. The
set of harateristi points (the harateristi set), for a ∈ S
(ω0)
ρ,δ (R
2d)
with respet to ω0, is denoted by Char(a) = Char(ω0)(a).
Remark 1.4. Let ω0(x, ξ) = 〈ξ〉
r
, r ∈ R, and assume that a ∈ Sr1,0(R
2d) =
S
(ω0)
1,0 (R
2d) is polyhomogeneous with prinipal symbol ar ∈ S
r
1,0(R
2d).
(Cf. Denition 18.1.5 in [16℄.) Also let Char′(a) be the set of harater-
isti points of Op(a) in the lassial sense (i. e. in the sense of Denition
18.1.25 in [16℄). We laim that
Char(ω0)(a) ⊆ Char
′(a). (1.7)
In fat, assume that (x0, ξ0) /∈ Char
′(a). This means that there is a
neighbourhood X of x0, a onial neighbourhood Γ of ξ0, R > 0 and
b ∈ S−r1,0(R
2d) suh that ar(x, ξ)b(x, ξ) = 1 when
x ∈ X, ξ ∈ Γ, and |ξ| > R. (1.8)
We shall prove that a(x, ξ)b(x, ξ) = 1 when (x, ξ) satises (1.8) for
some b ∈ S−r1,0 and some hoies of X , Γ and R, wherefrom (x0, ξ0) /∈
Char(ω0)(a).
Sine
|b(x, ξ)| ≤ C〈ξ〉−r, |ar(x, ξ)| ≤ C〈ξ〉
r,
and
|a(x, ξ)− ar(x, ξ)| ≤ C〈ξ〉
r−1,
for some onstant C, it follows that
|ar(x, ξ)| ≥ C
−1〈ξ〉r, and C−1〈ξ〉r ≤ |a(x, ξ)| ≤ C〈ξ〉r,
when (x, ξ) satises (1.8), for some onstants C and R. Hene, if ϕ ∈
S01,0 is supported by X×Γ, and equal to one in a onial neighborhood
of (x0, ξ0), it follows that b = ϕ · a fullls the required properties. This
proves the assertion.
1.3. Modulation spaes. In this subsetion we onsider properties
of modulation spaes whih will be used for the denition of wave-
front sets of suh spaes in Setions 5, and for the proofs of miro-loal
results for pseudo-dierential operators with non-smooth symbols in
Setion 6. The reader who is not interested in these investigations might
immediately pass to Setions 2 and 3.
The short-time Fourier transform of f ∈ S ′(Rd) with respet to (the
xed window funtion) φ ∈ S (Rd) is dened by
(Vφf)(x, ξ) = F (f · φ( · − x))(ξ).
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We note that the right-hand side makes sense, sine it is the partial
Fourier transform of the tempered distribution
F (x, y) = (f ⊗ φ)(y, y − x)
with respet to the y-variable. If f ∈ Lp(ω)(R
d) for some p ∈ [1,∞] and
ω ∈ P(Rd), then Vφf takes the form
Vφf(x, ξ) = (2π)
−d/2
∫
Rd
f(y)φ(y − x)e−i〈y,ξ〉 dy. (1.9)
In the following lemma we reall some general ontinuity properties
of the short-time Fourier transform. We omit the proof sine the result
an be found in e. g. [10, 12℄.
Lemma 1.5. Let f ∈ S ′(Rd) and φ ∈ S (Rd). Then the following is
true:
(1) Vφf ∈ S (R
2d) if and only if f, φ ∈ S (Rd);
(2) The map (f, φ) 7→ Vφf is ontinuous from S (R
d) × S (Rd)
to S (R2d), whih extends uniquely to a ontinuous map from
L2(Rd)× L2(Rd) to L2(R2d).
If f ∈ S ′(Rd) and φ ∈ S (Rd), then it is well-known that Vφf ∈
S ′ ∩ C∞ and
|Vφf(x, ξ)| ≤ C〈x〉
N0〈ξ〉N0,
for some onstants C andN0 (see e. g. [12℄). If in addition f has ompat
support, then the following estimate holds (see Proposition 3.6 in [3℄).
Lemma 1.6. Let f ∈ E ′(Rd) and φ ∈ S (Rd). Then for some onstant
N0 and every N ≥ 0, there are onstants CN suh that
|Vφf(x, ξ)| ≤ CN〈x〉
−N〈ξ〉N0.
For further investigations of the short-time Fourier transform, we
need the twisted onvolution ∗̂ on L1(R2d), dened by the formula
(F ∗̂G)(x, ξ) = (2π)−d/2
∫∫
F (x− y, ξ − η)G(y, η)e−i〈x−y,η〉 dydη.
By straight-forward omputations it follows that ∗̂ restrits to a on-
tinuous multipliation on S (R2d). Furthermore, the map (F,G) 7→
F ∗̂G from S (R2d)×S (R2d) to S (R2d) extends uniquely to ontin-
uous mappings from S ′(R2d) × S (R2d) and S (R2d) × S ′(R2d) to
S ′(R2d)
⋂
C∞(R2d).
The following lemma is important when proving ertain invariane
properties for modulation spaes. We omit the proof sine the result
an be found in [12℄.
Lemma 1.7. For eah f ∈ S ′(Rd) and φj ∈ S (R
d), j = 1, 2, 3, it
holds
(Vφ1f)∗̂(Vφ2φ3) = (φ3, φ1)L2 · Vφ2f.
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Now we reall the denition of modulation spaes. Let ω ∈ P(R2d),
p, q ∈ [1,∞], and φ ∈ S (Rd) \ 0 be xed. Then the modulation spae
Mp,q(ω)(R
d) is the set of all f ∈ S ′(Rd) suh that
‖f‖Mp,q
(ω)
= ‖f‖Mp,q,φ
(ω)
≡ ‖Vφf ω‖Lp,q1 <∞. (1.10)
Here ‖ · ‖Lp,q1 is the norm given by
‖F‖Lp,q1 ≡
(∫
Rd
(∫
Rd
|F (x, ξ)|p dx
)q/p
dξ
)1/q
,
when F ∈ L1loc(R
2d) (with obvious interpretation when p = ∞ or
q = ∞). Furthermore, the modulation spae W p,q(ω)(R
d) onsists of all
f ∈ S ′(Rd) suh that
‖f‖W p,q
(ω)
= ‖f‖W p,q,φ
(ω)
≡ ‖Vφf ω‖Lp,q2 <∞,
where ‖ · ‖Lp,q2 is the norm given by
‖F‖Lp,q2 ≡
(∫
Rd
(∫
Rd
|F (x, ξ)|q dξ
)p/q
dx
)1/p
,
when F ∈ L1loc(R
2d).
If ω = 1, then the notation Mp,q and W p,q are used instead of Mp,q(ω)
and W p,q(ω) respetively. Moreover we set M
p
(ω) =W
p
(ω) = M
p,p
(ω) and M
p =
W p =Mp,p.
We note that Mp,q are modulation spaes of lassial form, while
W p,q are lassial form of Wiener amalgam spaes. We refer to [6℄ for
the most updated denition of modulation spaes.
The following proposition is a onsequene of well-known fats in [5℄
or [12℄. Here and in what follows we let p′ denote the onjugate exponent
of p, i. e. 1/p+ 1/p′ = 1.
Proposition 1.8. Let p, q, pj, qj ∈ [1,∞] for j = 1, 2, and let ω, ω1, ω2, v ∈
P(R2d). Then the following is true:
(1) if ω is v-moderate and if φ ∈ M1(v)(R
d) \ 0, then f ∈ Mp,q(ω)(R
d)
if and only if (1.10) holds, i. e. Mp,q(ω)(R
d) is independent of the
hoie of φ. Moreover, Mp,q(ω)(R
d) is a Banah spae under the
norm in (1.10), and dierent hoies of φ give rise to equivalent
norms;
(2) if p1 ≤ p2, q1 ≤ q2 and ω2 ≤ Cω1 for some onstant C, then
S (Rd) →֒Mp1,q1(ω1) (R
d) →֒Mp2,q2(ω2) (R
d) →֒ S ′(Rd);
(3) the sesqui-linear form ( · , · ) on S extends to a ontinuous
map from Mp,q(ω)(R
d) × Mp
′,q′
(1/ω)(R
d) to C. On the other hand,
if ‖a‖ = sup |(a, b)|, where the supremum is taken over all
b ∈ Mp
′,q′
(1/ω)(R
d) suh that ‖b‖
Mp
′,q′
(1/ω)
≤ 1, then ‖ · ‖ and ‖ · ‖Mp,q
(ω)
are equivalent norms;
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(4) if p, q <∞, then S (Rd) is dense in Mp,q(ω)(R
d). The dual spae
of Mp,q(ω)(R
d) an be identied with Mp
′,q′
(1/ω)(R
d), through the form
( · , · )L2. Moreover, S (R
d) is weakly dense in M∞(ω)(R
d).
Similar fats hold when the Mp,q(ω) spaes are replaed by W
p,q
(ω) spaes.
Proposition 1.8 (1) permits us to be rather vague about to the hoie
of φ ∈ M1(v) \ 0 in (1.10). For example, ‖a‖Mp,q(ω) ≤ C for some C > 0
and for every a whih belongs to a given subset of S ′, means that the
inequality holds for some hoie of φ ∈M1(v)\0. Evidently, for any other
hoie of φ ∈M1(v) \0, a similar inequality is true although C may have
to be replaed by a larger onstant, if neessary.
Loally, the spaes FLq(ω)(R
d),Mp,q(ω)(R
d) andW p,q(ω)(R
d) are the same,
in the sense that
FLq(ω)(R
d)
⋂
E
′(Rd) = Mp,q(ω)(R
d)
⋂
E
′(Rd) = W p,q(ω)(R
d)
⋂
E
′(Rd),
in view of Remark 4.4 in [22℄. In Setion 2 and 5 we extend these
properties in ontext of the new type of wave-front sets, and reover
the above equalities at the end of Setion 4.
Remark 1.9. An example of a spae whih might be onsidered as a
modulation spae and whih is neither of the formMp,q(ω) norW
p,q
(ω) is the
spae M˜(ω), whih onsists of all a ∈ S
′(R2d) suh that
‖a‖fM(ω) ≡
∫
Rd
sup
ζ∈Rd
(
sup
x,ξ∈Rd
|Vφa(x, ξ, ζ, z)ω(x, ξ, ζ, z)|
)
dz (1.11)
is nite. By straight-forward appliation of Lemma 1.7 and Young's
inequality it follows that
M∞,1(ω) (R
2d) ⊆ M˜(ω)(R
2d) ⊆M∞,∞(ω) (R
2d),
with ontinuous embeddings. (Cf. e. g. [68, 12℄.)
1.4. Pseudo-dierential operators with non-smooth symbols.
In this subsetion we disuss properties of pseudo-dierential operators
in ontext of modulation spaes, and start with the following speial
ase of Theorem 4.2 in [29℄. We omit the proof.
Proposition 1.10. Let p, q, pj, qj ∈ [1,∞] for j = 1, 2, be suh that
1/p1 − 1/p2 = 1/q1 − 1/q2 = 1− 1/p− 1/q, q ≤ p2, q2 ≤ p.
Also let ω ∈ P(R2d ⊕R2d) and ω1, ω2 ∈ P(R
2d) be suh that
ω(x, ξ, ζ, z) ≤ C
ω1(x+ z, ξ)
ω2(x, ξ + ζ)
(1.12)
for some onstant C. If a ∈ Mp,q(1/ω)(R
2d), then Op(a) from S (Rd) to
S ′(Rd) extends uniquely to a ontinuous mapping from Mp1,q1(ω1) (R
d) to
Mp2,q2(ω2) (R
d).
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In Setion 6 we disuss wave-front set properties for pseudo-dierential
operators, where the symbol lasses are dened by means of modulation
spaes. Here, for ρ ∈ R and s ∈ R4 we dene
ωs,ρ(x, ξ, ζ, z) = ω(x, ξ, ζ, z)〈x〉
−s4〈ζ〉−s3〈ξ〉−ρs2〈z〉−s1. (1.13)
Denition 1.11. Let ω ∈ P(R2d ⊕ R2d), s ∈ R4, ρ ∈ R, and let
ωs,ρ be as in (1.13). Then the symbol lass ✵
s,ρ
(ω)(R
2d) is the set of all
a ∈ S ′(R2d) whih satisfy
∂αξ a ∈M
∞,1
(1/ωs(α),ρ)
(R2d), s(α) = (s1, |α|, s3, s4),
for eah multi-indies α suh that |α| ≤ 2s2.
It follows from the following lemma that symbol lasses of the form
✵
s,ρ
(ω)(R
2d) are interesting also in the lassial theory.
Lemma 1.12. Let ρ ∈ [0, 1], ω ∈ P0(R
2d ⊕R2d) and ω0 ∈ Pρ,0(R
2d)
be suh that
ω0(x, ξ) = ω(x, ξ, 0, 0).
Then the following onditions are equivalent:
(1) a ∈ S
(ω0)
ρ,0 (R
2d), i. e. (1.6) holds for ω = ω0;
(2) ω−10 a ∈ S
0
ρ,0;
(3) 〈x〉−s4a ∈
⋂
s1,s2,s3≥0
✵
s,ρ
(ω)(R
2d).
For the proof of Lemma 1.12 we note that⋂
s≥0
M∞,1(vr,s)(R
2d) = Sr0,0(R
2d), vr,s(x, ξ, ζ, z) = 〈ξ〉
−r〈ζ〉s〈z〉s, (1.14)
whih follows from Theorem 2.2 in [28℄ (see also Remark 2.18 in [15℄).
Proof. In order to prove the equivalene between (1) and (2) we note
that the ondition ω0 ∈ Pρ,0 implies that ω0 ∈ S
(ω0)
ρ,0 (R
2d) and ω−10 ∈
S
(1/ω0)
ρ,0 (R
2d). Hene, if a ∈ S
(ω0)
ρ,0 (R
2d), then it follows by straight-
forward omputations that
ω−10 a ∈ S
(1/ω0)
ρ,0 · S
(ω0)
ρ,0 = S
(ω−10 ω0)
ρ,0 = S
(1)
ρ,0 = S
0
ρ,0
(see also Lemma 18.4.3 in [16℄). This proves that (1) implies (2), and
in the same way the opposite impliation follows.
Next we onsider (3). We observe that for some positive onstants C
and N we have
C−1ω0(x, ξ)〈ζ〉
−N〈z〉−N ≤ ω(x, ξ, ζ, z) ≤ Cω0(x, ξ)〈ζ〉
N〈z〉N ,
whih implies that⋂
s1,s2,s3≥0
✵
s,ρ
(ω)(R
2d) =
⋂
s1,s2,s3≥0
✵
s,ρ
(ω0)
(R2d).
Sine the map a 7→ ω−10 a is a homeomorphism from M
∞,1
(ω1/ω0)
to M∞,1(ω1)
when ω1 ∈ P, by Theorem 2.2 in [28℄, we may assume that ω =
12
ω0 = 1. Furthermore we may assume that s4 = 0, sine (3) is invariant
under the hoie of s4. For suh hoies of parameters, the asserted
equivalenes an be formulated as⋂
s1,s2,s3≥0
✵
s,ρ
(ω)(R
2d) = S0ρ,0(R
2d), ω = 1.
The result is now an immediate onsequene of (1.14) and the fat
that a ∈ S0ρ,0(R
2d), if and only if for eah multi-indies α and β, it
holds
∂αx∂
β
ξ a ∈ S
−ρ|β|
0,0 (R
2d).
The proof is omplete. 
2. Wave front sets with respet to Fourier Lebesgue
spaes
In this setion we dene wave-front sets with respet to Fourier
Lebesgue spaes, and show some basi properties.
Assume that ω ∈ P(R2d), Γ ⊆ Rd \0 is an open one and q ∈ [1,∞]
are xed. For any f ∈ S ′(Rd), let
|f |
FLq,Γ
(ω)
= |f |
FLq,Γ
(ω),x
≡
(∫
Γ
|f̂(ξ)ω(x, ξ)|q dξ
)1/q
(2.1)
(with obvious interpretation when q = ∞). We note that | · |
FLq,Γ
(ω),x
denes a semi-norm on S ′ whih might attain the value +∞. Sine ω is
v-moderate for some v ∈ P(R2d), it follows that dierent x ∈ Rd gives
rise to equivalent semi-norms |f |
FLq,Γ
(ω),x
. Furthermore, if Γ = Rd \ 0,
f ∈ FLq(ω)(R
d) and q < ∞, then |f |
FLq,Γ
(ω),x
agrees with the Fourier
Lebesgue norm ‖f‖FLq
(ω),x
of f .
For the sake of notational onveniene we set
B = FLq(ω) = FL
q
(ω)(R
d), and | · |B(Γ) = | · |FLq,Γ
(ω),x
. (2.2)
We let ΘB(f) = ΘFLq
(ω)
(f) be the set of all ξ ∈ Rd \ 0 suh that
|f |B(Γ) <∞, for some Γ = Γξ. We also let ΣB(f) be the omplement of
ΘB(f) in R
d \ 0. Then ΘB(f) and ΣB(f) are open respetively losed
subsets in R
d \ 0, whih are independent of the hoie of x ∈ Rd in
(2.1).
Denition 2.1. Let q ∈ [1,∞], ω ∈ P(R2d), B be as in (2.2), and
let X be an open subset of Rd. The wave-front set of f ∈ D ′(X),
WFB(f) ≡ WFFLq
(ω)
(f) with respet to B onsists of all pairs (x0, ξ0)
in X × (Rd \ 0) suh that ξ0 ∈ ΣB(ϕf) holds for eah ϕ ∈ C
∞
0 (X) suh
that ϕ(x0) 6= 0.
We note that WFB(f) is a losed set in R
d × (Rd \ 0), sine it is
obvious that its omplement is open. We also note that if x ∈ Rd is
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xed and ω0(ξ) = ω(x, ξ), then WFB(f) = WFFLq
(ω0)
(f), sine ΣB is
independent of x.
The following theorem shows that wave-front sets with respet to
FLq(ω) satisfy appropriate miro-loal properties. It also shows that
suh wave-front sets are dereasing with respet to the parameter q,
and inreasing with respet to the weight ω.
Theorem 2.2. Let X ⊆ Rd be open, q, r ∈ [1,∞] and ω, ϑ ∈ P(R2d)
be suh that
q ≤ r, and ϑ(x, ξ) ≤ Cω(x, ξ), (2.3)
for some onstant C whih is independent of x, ξ ∈ Rd. Also let B
be as in (2.2) and put B0 = FL
r
(ϑ) = FL
r
(ϑ)(R
d). If f ∈ D ′(X) and
ϕ ∈ C∞(X), then WFB0(ϕ f) ⊆WFB(f).
Proof. It sues to prove
ΣB0(ϕf) ⊆ ΣB(f). (2.4)
when ϕ ∈ S (Rd) and f ∈ E ′(Rd), sine the statement only involve
loal assertions. For the same reasons we may assume that ω(x, ξ) =
ω(ξ) is independent of x. It is also no restritions to assume that ϑ = ω.
Let ξ0 ∈ ΘB(f), and hoose open ones Γ1 and Γ2 in R
d
suh that
Γ2 ⊆ Γ1. Sine f has ompat support, it follows that |f̂(ξ)ω(ξ)| ≤
C〈ξ〉N0 for some positive onstants C and N0. The result therefore
follows if we prove that for eah N , there are onstants CN suh that
|ϕf |B0(Γ2) ≤ CN
(
|f |B(Γ1) + sup
ξ∈Rd
(
|f̂(ξ)ω(ξ)|〈ξ〉−N
))
when Γ2 ⊆ Γ1 and N = 1, 2, . . . . (2.5)
By using the fat that ω is v-moderate for some v ∈ P(Rd), and
letting F (ξ) = |f̂(ξ)ω(ξ)| and ψ(ξ) = |ϕ̂(ξ)v(ξ)|, it follows that ψ turns
rapidly to zero at innity and
|ϕf |B0(Γ2) =
(∫
Γ2
|F (ϕf)(ξ)ω(ξ)|r dξ
)1/r
≤ C
(∫
Γ2
(∫
Rd
ψ(ξ − η)F (η) dη
)r
dξ
)1/r
≤ C(J1 + J2)
for some onstant C, where
J1 =
(∫
Γ2
(∫
Γ1
ψ(ξ − η)F (η) dη
)r
dξ
)1/r
and
J2 =
(∫
Γ2
(∫
∁Γ1
ψ(ξ − η)F (η) dη
)r
dξ
)1/r
.
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Let q0 be hosen suh that 1/q0 + 1/q = 1 + 1/r, and let χΓ1 be the
harateristi funtion of Γ1. Then Young's inequality gives
J1 ≤
(∫
Rd
(∫
Γ1
ψ(ξ − η)F (η) dη
)r
dξ
)1/r
= ‖ψ ∗ (χΓ1F )‖Lr ≤ ‖ψ‖Lq0‖χΓ1F‖Lq = Cψ|f |B(Γ1),
where Cψ = ‖ψ‖Lq0 <∞ sine ψ is turns rapidly to zero at innity.
In order to estimate J2, we note that the onditions ξ ∈ Γ2, η /∈ Γ1
and the fat that Γ2 ⊆ Γ1 imply that |ξ − η| > cmax(|ξ|, |η|) for some
onstant c > 0, sine this is true when 1 = |ξ| ≥ |η|. Sine ψ turns
rapidly to zero at innity, it follows that for eah N0 > d and N ∈ N
suh that N > N0, we have
J2 ≤ C1
(∫
Γ2
(∫
∁Γ1
〈ξ − η〉−(2N0+N)F (η) dη
)r
dξ
)1/r
≤ C2
(∫
Γ2
(∫
∁Γ1
〈ξ〉−N0〈η〉−N0(〈η〉−NF (η)) dη
)r
dξ
)1/r
≤ C3 sup
η∈Rd
|〈η〉−NF (η))|,
for some onstants C1, C2, C3 > 0. This proves (2.5). The proof is om-
plete. 
3. Wave-front sets for pseudo-differential operators
with smooth symbols
In this setion we establish mapping properties for pseudo-dierential
operators on wave-front sets of Fourier Lebesgue types. More preisely,
we prove the following result (f. (*) in the abstrat).
Theorem 3.1. Let ρ > 0, ω ∈ P(R2d), ω0 ∈ Pρ,0(R
2d), a ∈ S
(ω0)
ρ,0 (R
2d),
f ∈ S ′(Rd) and q ∈ [1,∞]. Also let
B = FLq(ω) = FL
q
(ω)(R
d) and C = FLq(ω/ω0) = FL
q
(ω/ω0)
(Rd).
Then
WFC(Op(a)f) ⊆WFB(f) ⊆WFC(Op(a)f)
⋃
Char(ω)(a). (3.1)
We need some preparations for the proof. The rst proposition shows
that if x0 6∈ supp f then (x0, ξ) 6∈WFC(Op(a)f) for every ξ ∈ R
d \ 0.
Proposition 3.2. Let ω ∈ P(R2d), ω0 ∈ Pρ,δ(R
2d), 0 ≤ δ ≤ ρ, 0 < ρ,
δ < 1, and let a ∈ S(ω0)ρ,δ (R
2d). Also let C be as in Theorem 3.1 and let
the operator La on S
′(Rd) be dened by the formula
(Laf)(x) ≡ ϕ1(x)(Op(a)(ϕ2f))(x), f ∈ S
′(Rd), (3.2)
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where ϕ1 ∈ C
∞
0 (R
d) and ϕ2 ∈ S
0
0,0(R
d) are suh that
suppϕ1
⋂
suppϕ2 = ∅.
Then the kernel of La belongs to S (R
2d). In partiular, the following
is true:
(1) La = Op(a0) for some a0 ∈ S (R
2d);
(2) WFC(Laf) = ∅, for any given q ∈ [1,∞].
Proof. We note that a0 exists as a tempered distribution in view of
Setion 1. We need to prove that a0 ∈ S , or equivalently, that the
kernel Ka of La belongs to S . By the denition it follows that
(Laf)(x) = (2π)
−d
∫∫
a(x, ξ)ϕ1(x)ϕ2(y)f(y)e
i〈x−y,ξ〉 dydξ.
Sine ϕ1 has ompat support it follows that for some ε > 0 it holds
ϕ1(x)ϕ2(y) = 0 when |x − y| ≤ 2ε. Hene, if ϕ ∈ C
∞(Rd) satisfy
ϕ(x) = 0 when |x| ≤ ε and ϕ(x) = 1 when |x| ≥ 2ε, f2 = ϕ2f and
a1 = ϕ1a, then it follows by partial integrations that
(Laf)(x) = Op(a1)f2(x) = (2π)
−d
∫∫
a1(x, ξ)f2(y)e
i〈x−y,ξ〉 dydξ
= (2π)−d
∫∫
(−1)s2(∆s2ξ a1)(x, ξ)f2(y)|x− y|
−2s2ei〈x−y,ξ〉 dydξ
= (2π)−d
∫∫
(−1)s2(∆s2ξ a1)(x, ξ)f2(y)ϕ(x− y)|x− y|
−2s2ei〈x−y,ξ〉 dydξ
= (Op(bs)f)(x),
where s2 = s ≥ 0 is an integer,
bs(x, y, ξ) = (−1)
s2(∆s2ξ a1)(x, ξ)ϕ1(x)ϕ2(y)ϕ(x− y)|x− y|
−2s2
(3.3)
and
Op(bs)f(x) = (2π)
−d
∫∫
bs(x, y, ξ)f(y)e
i〈x−y,ξ〉 dydξ.
>From the fat that |x− y| ≥ C〈x− y〉, when (x, y, ξ) ∈ supp bs, and
that a ∈ S
(ω0)
ρ,δ (R
2d), it follows from (3.3) that
|bs(x, y, ξ)| ≤ Csω0(x, ξ)〈x〉
−2s〈y〉−2s〈ξ〉−2ρs
≤ C ′s〈x〉
N0−2s〈y〉−2s〈ξ〉N0−2ρs,
for some onstant N0 whih is independent of s. In the same way it
follows that
|∂αbs(x, y, ξ)| ≤ Cs,α〈x〉
N0−2s〈y〉−2s〈ξ〉N0−2ρs, (3.4)
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for some onstant N0 whih depends on α, but is independent of s.
Now let N ≥ 0 be arbitrary. Sine the distribution kernel Ka of La
is equal to
(2π)−d
∫
bs(x, y, ξ)e
i〈x−y,ξ〉 dξ,
it follows by hoosing s large enough in (3.4) that for eah multi-index
α, there is a onstant Cα,N suh that
|∂αKa(x, y)| ≤ Cα,N〈x, y〉
−N .
This proves that Ka ∈ S (R
2d), and (1) follows.
The assertion (2) is an immediate onsequene of (1). The proof is
omplete. 
Next we onsider properties of the wave-front set of Op(a)f at a
xed point when f is onentrated to that point.
Proposition 3.3. Let ρ, ω, ω0, a, B and C be as in Theorem 3.1. Also
let q ∈ [1,∞] and f ∈ E ′(Rd). Then the following is true:
(1) if Γ1,Γ2 are open ones in ⊆ R
d \ 0 suh that Γ2 ⊆ Γ1, and
|f |B(Γ1) <∞, then |Op(a)f |C(Γ2) <∞;
(2) WFC(Op(a)f) ⊆WFB(f).
We note that Op(a)f in Proposition 3.3 makes sense as an element
in S ′(Rd), by Proposition 1.10.
Proof. We may assume that ω(x, ξ) = ω(ξ), ω0(x, ξ) = ω0(ξ), and that
supp a ⊆ K ×Rd for some ompat set K ⊆ Rd, sine the statements
only involve loal assertions. We only prove the result for q <∞. The
slight modiations to the ase q =∞ are left for the reader.
By straight-forward omputations we get
F (Op(a)f)(ξ) = (2π)−d/2
∫
Rd
(F1a)(ξ − η, η)f̂(η) dη, (3.5)
where F1a denotes the partial Fourier transform of a(x, ξ) with respet
to the x-variable. We need to estimate the modulus of F1a(η, ξ).
From the fat that a ∈ S
(ω0)
ρ,0 (R
2d) is smooth and ompatly sup-
ported in the x variable, it follows that for eah N ≥ 0, there is a
onstant CN suh that
|(F1a)(ξ, η)| ≤ CN〈ξ〉
−Nω0(η). (3.6)
Hene the fats that ω(η) ≤ ω(ξ)〈ξ − η〉N0 and ω0(η) ≤ ω0(ξ)〈ξ − η〉
N0
for some N0 give that for eah N > d it holds
|(F1a)(ξ − η, η)ω(ξ)/ω0(ξ)| ≤ CN〈ξ − η〉
−(N+2N0)ω0(η)ω(ξ)/ω0(ξ)
≤ C ′N〈ξ − η〉
−Nω(η), (3.7)
for some onstants CN and C
′
N .
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By letting F (ξ) = |f̂(ξ)ω(ξ)|, then (3.5), (3.7) and Hölder's inequal-
ity give
|F (Op(a)f)(ξ)ω2(ξ)| ≤ C
∫
Rd
〈ξ − η〉−NF (η) dη,
= C
∫
Rd
(
〈ξ − η〉−N/qF (η)
)
〈ξ − η〉−N/q
′
dη
≤ C ′
(∫
Rd
〈ξ − η〉−NF (η)q dη
)1/q
, (3.8)
where C = (2π)−d/2C ′′N and
C ′ = C‖〈·〉−N‖
1/q′
L1 . (3.9)
Here C ′ <∞ in (3.9), sine N > d.
We have to estimate
|(Op(a)f)|C(Γ2) =
(∫
Γ2
|F (Op(a)f)(ξ)ω(ξ)/ω0(ξ)|
q dξ
)1/q
.
By (3.8) we get(∫
Γ2
|F (Op(a)f)(ξ)ω(ξ)/ω0(ξ)|
q dξ
)1/q
≤ C
(∫∫
ξ∈Γ2
〈ξ − η〉−NF (η)q dηdξ
)1/q
≤ C(J1 + J2),
for some onstant C, where
J1 =
(∫
Γ2
∫
Γ1
〈ξ − η〉−NF (η)q dηdξ
)1/q
and
J2 =
(∫
Γ2
∫
∁Γ1
〈ξ − η〉−NF (η)q dηdξ
)1/q
.
In order to estimate J1 and J2 we argue as in the proof of (2.5). More
preisely, for J1 we have
J1 ≤
(∫
Rd
∫
Γ1
〈ξ − η〉−NF (η)q dηdξ
)1/q
=
( ∫
Rd
∫
Γ1
〈ξ〉−NF (η)q dηdξ
)1/q
= C
(∫
Γ1
F (η)q dη
)1/q
<∞.
In order to estimate J2, we assume from now on that Γ2 is hosen
suh that Γ2 ⊆ Γ1, and that the distane between the boundaries of Γ1
and Γ2 on the d− 1 dimensional unit sphere S
d−1
is larger than r > 0.
This gives
|ξ − η| > r when ξ ∈ Γ2
⋂
S
d−1, and η ∈ (∁Γ1)
⋂
S
d−1. (3.10)
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Then for some onstant c > 0 we have
|ξ − η| ≥ cmax(|ξ|, |η|), when ξ ∈ Γ2, and η ∈ ∁Γ1.
In fat, when proving this we may assume that |η| ≤ |ξ| = 1. Then we
must have that |ξ − η| ≥ c for some onstant c > 0, sine we otherwise
get a ontradition of (3.10).
Sine f has ompat support, it follows that F (η) ≤ C〈η〉t1 for some
onstant C. By ombining these estimates we obtain
J2 ≤
(∫
Γ2
∫
∁Γ1
F (η)〈ξ − η〉−N dηdξ
)1/q
≤ C
(∫
Γ2
∫
∁Γ1
〈η〉t1〈ξ〉−N/2〈η〉−N/2 dηdξ
)
.
Hene, if we hoose N > 2d+2t1, it follows that the right-hand side is
nite. This proves (1).
The assertion (2) follows immediately from (1) and the denitions.
The proof is omplete. 
We also need the following lemma. Here we reall Denition 1.3 for
notations.
Lemma 3.4. Let 0 ≤ δ < ρ ≤ 1, µ = ρ − δ, ω0 ∈ Pρ,δ(R
2d), and
a ∈ S
(ω0)
ρ,δ (R
2d). If (x0, ξ0) /∈ Char(ω0)(a), then for some open one Γ =
Γξ0, open neighborhood X ⊆ R
d
of x0 and R > 0, there are elements
cj ∈ S
0
ρ,δ whih are (X,Γ, R)-unitary, bj ∈ S
(1/ω0)
ρ,δ and hj ∈ S
−jµ
ρ,δ for
j ∈ N suh that
Op(bj) Op(a) = Op(cj) + Op(hj), j ≥ 1.
Proof. For j = 1, the result is obvious in view of Denition 1.3. There-
fore assume that j > 1, and that bk, ck and hk for k = 1, . . . , j − 1
have already been hosen whih satisfy the required properties. Then
we indutively dene bj by the formula
Op(bj) = (Op(cj−1)−Op(hj−1)) Op(bj−1).
By the indutive hypothesis it follows that
Op(bj) Op(a) = Op(c˜) + Op(h˜1) + Op(h˜2),
where
Op(c˜) = Op(cj−1) Op(cj−1),
Op(h˜1) = [Op(cj−1),Op(hj−1)]
and
Op(h˜2) = Op(hj−1) Op(hj−1).
Here [ · , · ] denotes the ommutator between operators.
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By Theorems 18.5.4 and 18.5.10 in [16℄ it follows that h˜2 ∈ S
−2(j−1)µ
ρ,δ ⊆
S−jµρ,δ , sine the onditions j − 1 ≥ 1 and 0 < µ ≤ 1 imply that
−2(j − 1)µ ≤ −jµ. Hene
h˜l ∈ S
−jµ
ρ,δ (3.11)
holds for l = 2.
Next we onsider the term Op(h˜1). By Theorem 18.1.18 [16℄ it follows
that
h˜1(x, ξ) = i
∑
|α|=1
(∂αx cj−1(x, ξ)∂
α
ξ hj−1(x, ξ)− ∂
α
ξ cj−1(x, ξ)∂
α
xhj−1(x, ξ))
+ h˜3(x, ξ),
for some h˜3 ∈ S
−(j+1)µ
ρ,δ . Sine the sum belongs to S
−jµ
ρ,δ in view of the
denitions, it follows that (3.11) also holds for l = 1.
It remains to onsider the term c˜. By Theorems 18.5.4 and 18.5.10
in [16℄ again, it follows that
c˜(x, ξ) = cj(x, ξ) + h˜4(x, ξ),
where
cj(x, ξ) =
∑
|α|≤N
(−i)|α|
α!
∂αx cj−1(x, ξ)∂
α
ξ cj−1(x, ξ),
and h˜4 ∈ S
−jµ
ρ,δ , provided N was hosen suiently large. Sine cj−1 = 1
on
{ (x, ξ) ; x ∈ X, ξ ∈ Γ, |ξ| > R },
it follows that cj is (X,Γ, R)-unitary. The result now follows by letting
hj = h˜1 + h˜2 + h˜4. The proof is omplete. 
Proof of Theorem 3.1. We start to prove the rst inlusion in (3.1).
Assume that (x0, ξ0) /∈ WFB(f), let ϕ ∈ C
∞
0 (R
d) be suh that ϕ = 1
in a neighborhood of x0, and set ϕ1 = 1 − ϕ. Then it follows from
Proposition 3.2 that
(x0, ξ0) /∈WFC(Op(a)(ϕ1f)).
Furthermore, by Proposition 3.3 we get
(x0, ξ0) /∈WFC(Op(a)(ϕf)),
sine if a0(x, ξ) = ϕ(x)a(x, ξ), then Op(a)(ϕf) is equal to Op(a0)(ϕf)
near x0. The rst embedding in (3.1) is now a onsequene of the in-
lusion
WFC(Op(a)f) ⊆WFC(Op(a)(ϕf))
⋃
WFC(Op(a)(ϕ1f)).
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It remains to prove the last inlusion in (3.1). By Proposition 3.2 it
follows that it is no restrition to assume that f has ompat support.
Assume that
(x0, ξ0) /∈WFC(Op(a)f)
⋃
Char(ω0)(a),
and hoose bj , cj and hj as in Lemma 3.4. We shall prove that (x0, ξ0) /∈
WFB(f). Sine
f = Op(1− cj)f +Op(bj) Op(a)f +Op(hj)f,
the result follows if we prove
(x0, ξ0) /∈ S1
⋃
S2
⋃
S3,
where
S1 = WFB(Op(1− cj)f), S2 = WFB(Op(bj) Op(a)f)
and S3 = WFB(Op(hj)f).
We start to onsider S2. By the rst embedding in (3.1) it follows
that
S2 = WFB(Op(bj) Op(a)f) ⊆WFC(Op(a)f).
Sine we have assumed that (x0, ξ0) /∈ WFC(Op(a)f), it follows that
(x0, ξ0) /∈ S2.
Next we onsider S3. Sine f has ompat support and ω, ω0 ∈
P(R2d), it follows from Lemma 3.4 that for eahN ≥ 0, there is a j ≥ 1
suh that ϕ(x)Dα(Op(hj)f) ∈ L
∞
when |α| ≤ N and ϕ ∈ C∞0 (R
d) for
some hj ∈ S
−jρ
ρ,0 . This implies that S3 is empty, provided N (and there-
fore j) was hosen large enough.
Finally we onsider S1. By the assumptions it follows that a0 =
1 − cj = 0 in Γ, and by replaing Γ with a smaller one, if neessary,
we may assume that a0 = 0 in a onial neighborhood of Γ. Hene, if
Γ = Γ1, and Γ1, Γ2, J1 and J2 are the same as in the proof of Proposition
3.3, then it follows from that proof and the fat that a0(x, ξ) ∈ S
0
ρ,0
is ompatly supported in the x-variable, that J1 < +∞ and for eah
N ≥ 0, there are onstants CN and C
′
N suh that
|Op(a0)f |B(Γ2) ≤ CN(J1 + J2)
≤ C ′N
(
J1 +
(∫
Γ2
∫
∁Γ1
〈ξ〉−N/2〈η〉(N0−N/2) dηdξ
)1/q)
. (3.12)
for someN0 ≥ 0. By hoosingN > 2N0+2d, it follows that |Op(a0)f |C(Γ2) <
∞. This proves that (x0, ξ0) /∈ S1, and the proof is omplete. 
Remark 3.5. By Theorem 18.5.10 in [16℄ it follows that the rst em-
bedding in (3.1) remains valid if Op(a) is replaed by Opt(a).
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Remark 3.6. We note that the inlusions in Theorem 3.1 may be vio-
lated when ω0 = 1 and the assumption ρ > 0 is replaed by ρ = 0. In
fat, let a(x, ξ) = e−i〈x0,ξ〉 for some xed x0 ∈ R
d
, and hoose α in suh
way that fα(x) = δ
(α)
0 does not belong to B = FL
q
(ω)(R
d). Sine
(Op(a)fα)(x) = fα(x− x0),
by straight-forward omputations, it follows that for some losed one
Γ in Rd \ 0 we have
WFB(f) = { (0, ξ) ; ξ ∈ Γ }
WFB(Op(a)f) = { (x0, ξ) ; ξ ∈ Γ },
whih are not overlapping when x0 6= 0.
Next we apply Theorem 3.1 on operators whih are ellipti with
respet to S
(ω0)
ρ,δ (R
2d), where ω0 ∈ P(R
2d). More preisely, assume
that 0 ≤ δ < ρ ≤ 1 and a ∈ S
(ω0)
ρ,δ (R
2d). Then a and Op(a) are alled
(loally) ellipti with respet to S
(ω0)
ρ,δ (R
2d) or ω0, if for eah ompat
set K ⊆ Rd, there are positive onstants c and R suh that
|a(x, ξ)| ≥ cω0(x, ξ), x ∈ K, |ξ| ≥ R
Sine |a(x, ξ)| ≤ Cω0(x, ξ), it follows from the denitions that for eah
multi-index α, there are onstants Cα suh that
|∂αx∂
β
ξ a(x, ξ)| ≤ Cα,β|a(x, ξ)|〈ξ〉
−ρ|β|+δ|α|, x ∈ K, |ξ| > R.
(See e. g. [2,16℄.) It immediately follows from the denitions that Char(ω0)(a) =
∅ when a is ellipti with respet to ω0. The following result is now an
immediate onsequene of Theorem 3.1.
Theorem 3.7. Let ω ∈ P(R2d), ω0 ∈ Pρ,0(R
2d), q ∈ [1,∞], ρ > 0,
and let a ∈ S
(ω0)
ρ,0 (R
2d) be ellipti with respet to ω0. Also let B and C
be as in Theorem 3.1. If f ∈ S ′(Rd), then
WFC(Op(a)f) = WFB(f).
Corollary 3.8. Assume that the hypothesis in Theorem 3.7 is fullled
with ω = ω0, and let E be a parametrix for Op(a). Then ϕE ∈ FL
∞
(ω)
for every ϕ ∈ C∞0 (R
d), i. e. for eah x0 ∈ and ϕ ∈ C
∞
0 (R
d), there is a
onstant C suh that (0.1) holds.
Proof. >From the assumptions it follows that Op(a)E = δ0 + ϕ for
some ϕ ∈ C∞(Rd). The result is then a onsequene of
WFFL∞
(ω0)
(E) = WFFL∞(Op(a)E) = WFFL∞(δ0 + ϕ) = ∅,
by Theorem 3.7, where the last equality follows from the fat that
δ0 ∈ FL
∞
. 
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Example 3.9. Let a(x, ξ) = a(ξ) be the symbol to the hypoellipti
partial dierential operator Op(a) with onstant oeients (f. [16,
Chapter XI℄ for strit denitions). Then a is ellipti with respet to
ω(x, ξ) = ω(ξ) = (1 + |a(ξ)|),
whih belongs to Pρ,0(R
d) for some ρ > 0. Hene it follows from The-
orem 3.7 and Corollary 3.8 that if ϕ ∈ C∞0 (R
d), then
|(1 + |a(ξ)|)F (ϕ ·E)(ξ)| ∈ L∞(Rd).
An important hypoellipti operator onerns the heat operator ∂t −
∆x, (x, t) ∈ R
d+1
, with symbol a(x, t, ξ, τ) = |ξ|2 + iτ . In this ase, a
is ellipti with respet to
ω(x, t, ξ, τ) = (1 + |ξ|2 + |τ |).
Hene it follows that
(1 + |ξ|4 + |τ |2)1/2|F (ϕ · E)(ξ, τ)| ∈ L∞(Rd+1),
when ϕ ∈ C∞0 (R
d+1).
For the heat operator we note that
Char′(a) = { (x, t, 0, τ) ; x ∈ Rd, t ∈ R, τ 6= 0 },
whih is not empty (see Remark 1.4 for the denition of Char′(a)).
Hene, Char(ωa)(a) is stritly smaller than Char
′(a) in this ase.
4. Wave-front sets of sup and inf types and
pseudo-differential operators
In this setion we put the miro-loal analysis in a more general
ontext omparing to previous setions, and dene wave-front sets with
respet to sequenes of Fourier Lebesgue type spaes. We also explain
some onsequenes of the investigations in previous setions in this
general setting. For example we show how one an obtain miro-loal
results whih involve only lassial wave-front sets (f. Remark 4.2 and
Theorem 4.5 below).
Let ωj ∈ P(R
2d) and qj ∈ [1,∞] when j belongs to some index set
J , and let B be the array of spaes, given by
(Bj) ≡ (Bj)j∈J , where Bj = FL
qj
(ωj)
= FL
qj
(ωj)
(Rd), j ∈ J. (4.1)
If f ∈ S ′(Rd), and (Bj) is given by (4.1), then we let Θ
sup
(Bj)
(f) be
the set of all ξ ∈ Rd \ 0 suh that for some Γ = Γξ and eah j ∈ J it
holds |f |Bj(Γ) <∞. We also let Θ
inf
(Bj)
(f) be the set of all ξ ∈ Rd\0 suh
that for some Γ = Γξ and some j ∈ J it holds |f |Bj(Γ) <∞. Finally we
let Σsup(Bj )(f) and Σ
inf
(Bj )
(f) be the omplements in Rd \ 0 of Θsup(Bj)(f) and
Θinf(Bj)(f) respetively.
Denition 4.1. Let J be an index set, qj ∈ [1,∞], ωj ∈ P(R
2d) when
j ∈ J , (Bj) be as in (4.1), and let X be an open subset of R
d
.
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(1) The wave-front set of f ∈ D ′(X), of sup-type with respet to
(Bj), WF
sup
(Bj)
(f), onsists of all pairs (x0, ξ0) in X × (R
d \ 0)
suh that ξ0 ∈ Σ
sup
(Bj )
(ϕf) holds for eah ϕ ∈ C∞0 (X) suh that
ϕ(x0) 6= 0;
(2) The wave-front set of f ∈ D ′(X), of inf-type with respet to
(Bj), WF
inf
(Bj)
(f) onsists of all pairs (x0, ξ0) in X × (R
d \ 0)
suh that ξ0 ∈ Σ
sup
(Bj )
(ϕf) holds for eah ϕ ∈ C∞0 (X) suh that
ϕ(x0) 6= 0.
Remark 4.2. Let ωj(x, ξ) = 〈ξ〉
−j
for j ∈ J = N0. Then it follows
that WF sup(Bj)(f) in Denition 4.1 is equal to the standard wave front set
WF(f) in Chapter VIII in [16℄.
The following result follows immediately from Theorems 3.1 and its
proof. We omit the details. Here we let
Cj = FL
qj
(ωj/ω0)
(Rd) and (Cj) = (Cj)j∈J . (4.2)
Theorem 3.1
′
. Let ρ > 0, ωj ∈ P(R
2d), ω0 ∈ Pρ,0(R
2d), a ∈
S
(ω0)
ρ,0 (R
2d), f ∈ S ′(Rd) and qj ∈ [1,∞] for j ∈ J . Also let
(Bj) ≡ (Bj)j∈J and (Cj) ≡ (Cj)j∈J ,
where
Bj = FL
qj
(ωj)
= FL
qj
(ωj)
(Rd) and Cj = FL
qj
(ωj/ω0)
= FL
qj
(ωj/ω0)
(Rd).
Then
WF sup(Cj )(Op(a)f) ⊆WF
sup
(Bj)
(f)
⊆WF sup(Cj )(Op(a)f)
⋃
Char(ω0)(a), (3.1)
′
and
WF inf(Cj )(Op(a)f) ⊆WF
inf
(Bj)
(f)
⊆WF inf(Cj )(Op(a)f)
⋃
Char(ω0)(a). (3.1)
′′
Remark 4.3. We note that many properties valid for the wave-front sets
of Fourier Lebesgue type also hold for wave-front sets in the present
setion. For example, the onlusions in Remark 3.6 and Theorem 3.7
hold for wave-front sets of sup- and inf-types.
There are (somewhat tehnial) generalizations of Theorems 3.1 and
3.1
′
to pseudo-dierential operators with symbols in S
(ω0)
ρ,δ , when 0 ≤
δ < ρ ≤ 1. For example, when generalizing Theorem 3.1′ to δ ≥ 0 the
key estimate (3.6) needs to be modied into
|(F1a)(ξ, η)| ≤ CN〈ξ〉
−N〈η〉δNω0(η).
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This in turn implies that in (3.1)
′
and (3.1)
′′
, the array (Cj) on the left-
hand (right-hand) side embeddingsshould be replaed by (FL
qj
(ωj,−Nj /ω0)
),
and the right-hand side embeddings by (FL
qj
(ωj,Nj /ω0)
). Here
ωj,s(x, ξ) = ωj(x, ξ)〈ξ〉
s,
and
Nj = δ(tj + C), (4.3)
where C should be hosen large enough and depends on the order of
the involved distribution f in (3.1)′ and (3.1)′′ and the dimension d,
and tj is hosen suh that the inequality
ωj(x, ξ1 + ξ2) ≤ Cωj(x, ξ1)〈ξ2〉
tj , (4.4)
should hold.
The following generalization of Theorem 3.1
′
is obtained by modify-
ing the proof of Proposition 3.3 and Theorem 3.1
′
. The details are left
for the reader.
Theorem 4.4. Let 0 ≤ δ < ρ ≤ 1, ωj ∈ P(R
2d), ω0 ∈ Pρ,δ(R
2d),
a ∈ S
(ω0)
ρ,0 (R
2d), f ∈ S ′(Rd) and qj ∈ [1,∞] for j ∈ J . Also let Nj
be given by (4.3) with C only depending on the order of f and the
dimension d,
(Bj) ≡ (Bj)j∈J and (C
±
j ) ≡ (C
±
j )j∈J ,
where
Bj = FL
qj
(ωj)
= FL
qj
(ωj)
(Rd) and C±j = FL
qj
(ωj,±Nj /ω0)
= FL
qj
(ωj,±Nj /ω0)
(Rd).
Then
WF sup
(C−j )
(Op(a)f) ⊆WF sup(Bj)(f)
⊆WF sup
(C+j )
(Op(a)f)
⋃
Char(ω0)(a), (4.5)
and
WF inf
(C−j )
(Op(a)f) ⊆WF inf(Bj)(f)
⊆WF inf
(C+j )
(Op(a)f)
⋃
Char(ω0)(a), (4.5)
′
provided C in (4.3) is hosen large enough.
A ombination of Remark 4.3 and Theorem 4.4 now gives the follow-
ing result onerning wave-front sets of Hörmander type.
Theorem 4.5. Let 0 ≤ δ < ρ ≤ 1 and ω0 ∈ Pρ,δ(R
2d). For every
f ∈ S ′(Rd) and a ∈ S
(ω0)
ρ,δ (R
2d) it holds
WF(Op(a)f) ⊆WF(f) ⊆WF(Op(a)f)
⋃
Char(ω0)(a).
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In partiular, if in addition a is ellipti with respet to ω0, then
WF(Op(a)f) = WF(f).
5. Wave front sets with respet to modulation spaes
In this setion we dene wave-front sets with respet to modulation
spaes, and show that they oinide with wave-front sets of Fourier
Lebesgue types. In partiular, any property valid for wave-front set of
Fourier Lebesgue type arry over to wave-front set of modulation spae
type.
Let φ ∈ S (Rd) \ 0, ω ∈ P(R2d), Γ ⊆ Rd \ 0 be an open one and
let p, q ∈ [1,∞]. For any f ∈ S ′(Rd) we set
|f |B(Γ) = |f |B(φ,Γ) ≡
(∫
Γ
(∫
Rd
|Vφf(x, ξ)ω(x, ξ)|
p dx
)q/p
dξ
)1/q
when B = Mp,q(ω) = M
p,q
(ω)(R
d) (5.1)
(with obvious interpretation when p = ∞ or q = ∞). We note that
| · |B(Γ) denes a semi-norm on S
′
whih might attain the value +∞.
If Γ = Rd \ 0, then |f |B(Γ) = ‖f‖Mp,q
(ω)
. We also set
|f |B(Γ) = |f |B(φ,Γ) ≡
(∫
Rd
(∫
Γ
|Vφf(x, ξ)ω(x, ξ)|
q dξ
)p/q
dx
)1/p
when B =W p,q(ω) =W
p,q
(ω)(R
d) (5.2)
and note that similar properties hold for this semi-norm omparing to
(5.1).
Let ω ∈ P(R2d), p, q ∈ [1,∞], f ∈ D ′(X), and let B = Mp,q(ω) or
B = W p,q(ω). Then ΘB(f), ΣB(f) and the wave-front set WFB(f) of f
with respet to the modulation spae B are dened in the same way as
in Setion 2, after replaing the semi-norms of Fourier Lebesgue types
in (2.2) with the semi-norms in (5.1) or (5.2).
The following result shows that wave-front sets of Fourier Lebesgue
and modulation spae types agree with eah others.
Theorem 5.1. Let p, q ∈ [1,∞], an open set X ⊆ Rd, ω ∈ P(R2d),
B = FLq(ω)(R
d), and let C = Mp,q(ω)(R
d) or W p,q(ω)(R
d). If f ∈ D ′(X),
then
WFB(f) = WFC(f). (5.3)
In partiular, WFC(f) is independent of p and φ ∈ S (R
d) \ 0 in (5.1)
and (5.2).
Proof. We only onsider the ase C =Mp,q(ω). The ase C = W
p,q
(ω) follows
by similar arguments and is left for the reader. We may also assume
that f ∈ E ′(Rd) and that ω(x, ξ) = ω(ξ), sine the statements only
involve loal assertions.
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First we prove thatWFC(f) is independent of φ ∈ S (R
d)\0. There-
fore assume that φ, φ1 ∈ S \ 0 and let | · |C1(Γ) be the semi-norm in
(5.1) after φ has been replaed by φ1. Let Γ1 and Γ2 be open ones in
R
d
suh that Γ2 ⊆ Γ1. The asserted independeny of φ follows if we
prove that
|f |C(Γ2) ≤ C(|f |C1(Γ1) + 1), (5.4)
for some onstant C.
When proving (5.4) we shall mainly follow the proof of (2.5). Let
v ∈ P be hosen suh that ω is v-moderate, let
Ω1 = { (x, ξ) ; ξ ∈ Γ1 } ⊆ R
2d
and Ω2 = ∁Ω1 ⊆ R
2d,
with harateristi funtions χ1 and χ2 respetively, and set Fk(x, ξ) =
|Vφ1f(x, ξ)|ω(ξ)χk(x, ξ), k = 1, 2, and G = |Vφφ1(x, ξ)|v(ξ). By Lemma
1.7, and the fat that ω is v-moderate we get
|Vφf(x, ξ)ω(x, ξ)| ≤ C
(
(F1 + F2) ∗G
)
(x, ξ),
for some onstant C, whih implies that
|f |C(Γ2) ≤ C(J1 + J2), (5.5)
where
Jk =
(∫
Γ2
( ∫
|(Fk ∗G)(x, ξ)|
p dx
)
dξ
)1/q
, k = 1, 2.
Sine G turns rapidly to zero at innity, Young's inequality gives
J1 ≤ ‖F1 ∗G‖Lp,q1 ≤ ‖G‖L1‖F1‖L
p,q
1
= C|f |C1(Γ1), (5.6)
where C = ‖G‖L1 <∞.
Next we onsider J2. By Lemma 1.6 and the proof of (2.5), it follows
that for every N ≥ 0 there are onstants CN suh that
F2(x, ξ) ≤ CN〈x〉
−N 〈ξ〉N0, and 〈ξ − η〉−2N ≤ CN〈ξ〉
−N〈η〉−N
when ξ ∈ Γ2 and η ∈ ∁Γ1. This in turn implies that for every N ≥ 0
there are onstants CN suh that
(F2 ∗G)(x, ξ) ≤ CN〈x〉
−N〈ξ〉−N , ξ ∈ Γ2.
Consequently, J2 < ∞. The estimate (5.4) is now a onsequene of
(5.5), (5.6) and the fat that J2 < ∞. This proves that WFC(f) is
independent of φ ∈ S (Rd) \ 0.
In order to prove (5.3) we assume from now on that φ in (5.1) has
ompat support. We hoose p0, p1 ∈ [1,∞] suh that p0 ≤ p and
1/p1 + 1/p0 = 1 + 1/p, and we set C0 = M
p0,q
(ω) . The result follows if we
prove
ΘC0(f) ⊆ ΘB(f) ⊆ ΘC(f) when p0 = 1, p =∞, (5.7)
and
ΘC(f) ⊆ ΘC0(f). (5.8)
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We start to prove (5.7). We have
|f |B(Γ) ≤ C1
(∫
Γ
|f̂(ξ)ω(ξ)|q dξ
)1/q
= C2
(∫
Γ
|F
(
f
∫
Rd
φ(· − x) dx
)
(ξ)ω(ξ)|q dξ
)1/q
C2 ≤
(∫
Γ
(∫
Rd
|F (fφ(· − x))(ξ)ω(ξ)| dx
)q
dξ
)1/q
≤ C3
(∫
Γ
(∫
Rd
|Vφf(x, ξ)ω(ξ)| dx
)q
dξ
)1/q
= C3|f |C0(Γ)
for some onstants C1, C2 and C3. This gives the rst inlusion in (5.7).
Next we prove the seond inlusion in (5.7). Let K ⊆ Rd be ompat
and hosen suh that Vφf(x, ξ) = 0 outside K. This is possible sine
both f and φ have ompat supports. Then
|f |C(Γ2) =
(∫
Γ2
sup
x∈K
|Vφf(x, ξ)ω(x, ξ)|
q dξ
)1/q
≤ C1
(∫
Γ2
sup
x∈Rd
|(|f̂ | ∗ |F (φ(· − x))|)(ξ)ω(ξ)|q dξ
)1/q
= C1
(∫
Γ2
|(|f̂ | ∗ |φ̂|)(ξ)ω(ξ)|q dξ
)1/q
≤ C2
(∫
Γ2
(
(|f̂ · ω| ∗ |φ̂ · v|)(ξ)
)q
dξ
)1/q
,
for some positive onstants C1, C2 and C3. By ombining the latter
estimates with (2.5) and its proof it now follows that for eah N ≥ 0
there are onstants CN suh that (2.5) holds with ϕ = 1 and B0 = M
p,q
(ω).
Sine f has ompat support it follows that the right-hand side of (2.5)
is nite when |f |B(Γ1) < ∞, provided N is hosen large enough. This
proves (5.7).
It remains to prove (5.8). Let K be as above. By Hölder's inequality
we get
|f |C0(Γ) =
(∫
Γ
(∫
Rd
|Vφf(x, ξ)ω(x, ξ)|
p0 dx
)q/p0
dξ
)1/q
≤ CK
(∫
Γ
(∫
Rd
|Vφf(x, ξ)ω(x, ξ)|
p dx
)q/p
dξ
)1/q
= CK |f |C(Γ).
This gives (5.8), and the proof is omplete. 
Corollary 5.2. Let f ∈ E ′(Rd), and let B be equal to FLq(ω), M
p,q
(ω) or
W p,q(ω). Then
f ∈ B ⇐⇒ WFB(f) = ∅.
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In partiular, we reover Theorem 2.1 and Remark 4.4 in [22℄.
6. Wave-front sets and pseudo-differential operators
with non-smooth symbols
In this setion we generalize wave-front results in Setion 3 to pseudo-
dierential operators with symbols in ✵
s,ρ
(ω)(R
2d) (see Denition 1.11).
In order to state the results we use the onvention
(ϑ1, ϑ2) . (ω1, ω2) (6.1)
when ωj, ϑj ∈ P(R
2d) for j = 1, 2 satisfy ϑj ≤ Cωj for some onstant
C. We reall that
ωj(x, ξ1 + ξ2) ≤ Cωj(x, ξ1)〈ξ2〉
tj , j = 1, 2, (6.2)
for some positive onstants C, t1 and t2, whih are independent of
x, ξ1, ξ2 ∈ R
d
. We let ωs,ρ be the same as in (1.13) and we use the
notation ω 4 (ω1, ω2) when (1.12) holds for some onstant C.
Theorem 6.1. Let q ∈ [1,∞], ωj , ϑj ∈ P(R
2d), ω ∈ Pρ,0(R
4d),
0 < ρ ≤ 1, and let tj ≥ 0, j = 1, 2 be hosen suh that (6.1) and (6.2)
holds. Also let B = FLq(ω1) and C = FL
q
(ω2)
. Moreover, assume that
ωs,ρ in (1.13) satisfy ωs,ρ 4 (ω1, ω2) ωs,ρ 4 (ϑ1, ϑ2) for some hoies of
s1 ≥ 0, s2 ∈ N, s3 > t1 + t2 + 2d, and s4 ∈ R.
If a ∈ ✵s,ρ(ω)(R
2d) and f ∈M∞(ϑ1)(R
d), then
WFC(Op(a)f) ⊆WFB(f).
By Proposition 1.10, it follows that Op(a)f in Theorem 6.1 makes
sense as an element inM∞(ϑ2)(R
d), whih ontains eah spaeMp,q(ω2)(R
d).
When proving Theorem 6.1, we shall mainly follow the ideas in the
proof of Theorem 3.1, and prove some preparing results. The rst one
of these results an be onsidered as a generalization of Proposition 3.2
in the ase δ = 0.
Proposition 6.2. Let a ∈ ✵s,ρ(ω)(R
2d), where ω ∈ Pρ,0(R
2d ⊕ R2d),
0 ≤ s1, 0 ≤ s2 ∈ Z, and let La be the operator from S (R
d) to S ′(Rd)
whih is given by (3.2). Then the following is true:
(1) La = Op(a0), for some a0 ∈ S
′(R2d) suh that
∂αξ a0(x, ξ) ∈
⋂
s4≥0
M∞,1(1/ωs,ρ)(R
2d), (6.3)
for all multi-indies α suh that |α| ≤ 2s2;
(2) if p, q ∈ [1,∞], and ω1, ω2 ∈ P(R
2d) fulll ωs,ρ 4 (ω1, ω2), then
the denition of La extends uniquely to a ontinuous map from
Mp,q(ω1)(R
d) to Mp,q(ω2)(R
d).
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Proof. We use the same notations as in the proof of Proposition 3.2,
with the dierene that s = (s1, s2, s3, s4) ∈ R
4
.
(1) From the proof of Proposition 3.2 it follows that La = Op(bs),
where bs is given by (3.3). By the support properties of ϕ1, ϕ2 and ϕ,
it follows from Proposition 4.3 in [22℄ that
bs ∈M
∞,1
(νs,t,ρ)
(R3d), for every s4, t ≥ 0,
where
νs,t,ρ(x, y, ξ, ζ, η, z) = ωs,ρ(x, ξ, ζ, z)
−1κ(x, y, ξ, ζ, η, z)
= ω(x, ξ, ζ, z)−1〈x〉s4〈ζ〉s3〈x− y〉2s2〈ξ〉ρs2〈η〉t〈z〉s1.
Here
κ(x, y, ζ, ξ, η, z) = 〈z − y〉2s2〈η〉t
In view of Setions 18.1 and 18.2 in [16℄ it follows that Op(bs) =
Op(a0) when
cs(x, y, ξ) = e
i〈Dξ,Dy〉bs(x, y, ξ) and a0(x, ξ) = cs(x, x, ξ).
We have to prove that a0 is well-dened and fullls (6.3) when |α| ≤
2s2. By Proposition 1.7 in [29℄ we have
cs ∈M
∞,1
(eνs,t,ρ)
(R3d), for every s4, t ≥ 0, (6.4)
where
ν˜s,t,ρ(x, y, ξ, ζ, η, z) = νs,t,ρ(x, y − z, ξ − η, ζ, η, z)
= ω(x, ξ − η, ζ, z)−1〈x〉s4〈ζ〉s3〈y − z − x〉2s2〈ξ − η〉2ρs2〈η〉t〈z〉s1
Sine ω ∈ P, the right-hand side an be estimated by
Cωs,ρ(x, ξ, ζ, z)
−1〈y − z〉2s2〈η〉t = Cωs,ρ(x, ξ, ζ, z)
−1κ(x, y, ξ, ζ, η, z),
for some onstant C, provided s4 and t have been replaed by larger
onstants if neessary. Sine (6.4) holds for any s4 ≥ 0 and t ≥ 0 we
get
cs ∈M
∞,1
(1/ωs,t,ρ)
(R3d), for every s4, t ≥ 0,
where
ωs,t,ρ(x, y, ξ, ζ, η, z) = ωs,ρ(x, ξ, ζ, z)/κ(x, y, ξ, ζ, η, z).
From the fat that
sup
z,η
((
inf
x,ζ
κ(x, y, ξ, ζ, η, z)
)−1)
= 1 <∞,
it follows now by Theorem 3.2 in [28℄ that a0(x, ξ) = cs(x, x, ξ) is well-
dened and belongs toM∞,1(1/ωs,ρ)(R
2d), for eah s4 ≥ 0. This proves (6.3)
in the ase α = 0.
If we let bs,α for |α| ≤ 2s2 here above be dened by
bs,α(x, y, ξ) = ∂
α
ξ a0(x, ξ)ϕ1(x)ϕ2(y),
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then
Op(∂αa0) = Op(bs,α), |α| ≤ 2s2.
By similar arguments as in the rst part of the proof it follows that
∂αa0 ∈ M
∞,1
(1/ωs,ρ)
(R2d), for eah s4 ≥ 0. The details are left for the
reader. This proves (1), and the assertion (2) is an immediate onse-
quene of (1) and Proposition 1.10. The proof is omplete. 
Next we onsider properties of the wave-front set of Op(a)f at a xed
point when f is onentrated to that point. In these onsiderations it
is natural to assume that involved weight funtions satisfy
ωj(x, ξ) = ωj(ξ), ϑj(x, ξ) = ϑj(ξ), j = 1, 2,
ω(0, ξ, ζ, z) ≤ C
ω1(ξ + ζ)
ω2(ξ)
, ω(0, ξ, ζ, z) ≤ C
ϑ1(ξ + ζ)
ϑ2(ξ)
,
(6.5)
and we set
ωs(x, ξ, ζ, z) = 〈x〉
−s4〈ζ〉−s3ω(0, ξ, ζ, z), s ∈ R4. (6.6)
We also note that
ωj(ξ1 + ξ2) ≤ Cωj(ξ1)〈ξ2〉
tj , j = 1, 2, (6.7)
for some real numbers t1 and t2.
Proposition 6.3. Let q ∈ [1,∞], and let ωs ∈ P(R
4d), ω ∈ P(R3d),
ωj, ϑj ∈ P(R
d), j = 1, 2, fulll (ϑ1, ϑ2) . (ω1, ω2), (6.5)(6.7), s4 > d
and
s3 > t1 + t2 + 2d.
If a ∈ M∞,1(1/ωs)(R
2d) and f ∈ M∞(ϑ1)(R
d)
⋂
E ′(Rd) then (1) and (2) in
Proposition 3.3 holds for B = FLq(ω1) and C = FL
q
(ω2)
.
Proof. As for the proof of Proposition 3.3, we only prove the result for
q < ∞. The slight modiations to the ase q = ∞ are left for the
reader. We also use similar notations as in the proof of Proposition 3.3.
Let φ1, φ2 ∈ C
∞
0 (R
d) be suh that∫
Rd
φ1(x) dx = 1, φ2(0) = (2π)
−d/2,
and set φ = φ1 ⊗ φ2. It follows from Fourier's inversion formula that
F1a(ξ, η) =
∫∫
(Vφa)(x, η, ξ, z)e
i〈z,η〉 dxdz.
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By Remark 1.9 it follows that
|(F1a)(ξ − η, η)ω2(ξ)| ≤ C1
∫∫
|(Vφa)(x, η, ξ − η, z)ω2(ξ)| dxdz
≤ C2
∫∫ (
sup
η
(
sup
x,ξ∈Rd
|Vφa(x, ξ, ζ, z)ω(x, ξ, ζ, z)
−1|
))
×
× 〈x〉−s4〈ξ − η〉−s3ω(0, η, ξ − η, z)ω2(ξ) dxdz
≤ C3‖a‖fM(1/ωs)
〈ξ − η〉−s3(sup
z
ω(0, η, ξ − η, z))ω2(ξ)
≤ C4‖a‖M∞,1
(1/ωs)
〈ξ − η〉−s3(sup
z
ω(0, η, ξ − η, z))ω2(ξ)
≤ C5‖a‖M∞,1
(1/ωs)
〈ξ − η〉−s3ω1(η),
for some onstants C1, . . . , C5. The result now follows by similar argu-
ments as in the proof of Proposition 3.3, after replaing (3.7) with the
latter estimates. The details are left for the reader, and the proof is
omplete. 
Proof of Theorem 6.1. Let ϕ ∈ C∞0 (R
d) be suh that ϕ = 1 in a neigh-
borhood of x0, and let ϕ2 = 1−ϕ. If (x0, ξ0) /∈WFB(f), then it follows
from Proposition 6.2 that
(x0, ξ0) /∈WFC(Op(a)(ϕ2f)).
Sine
WFC(Op(a)f) ⊆WFC(Op(a)(ϕf))
⋃
WFC(Op(a)(ϕ2f)),
the result follows if we prove that
(x0, ξ0) /∈WFC(Op(a0)(ϕf)), (6.8)
where a0(x, ξ) = ϕ(x)a(x, ξ).
We may assume that ω(x, ξ, ζ, z), ωj(x, ξ) and ϑj(x, ξ) are indepen-
dent of the x variable when proving (6.8), sine both ϕf and a0 are
ompatly supported with respet to the x variable. The result is now
an immediate onsequene of Proposition 6.3. 
Remark 6.4. Let ✵
s,ρ,t
(ω) (R
2d) be as ✵s,ρ(ω)(R
2d), after ωs,ρ(x, ξ, ζ, z) has
been replaed by
ωs,t,ρ(x, ξ, ζ, z) = ωs,ρ(x+ tz, ξ + tζ, ζ, z), t ∈ R,
in the denition of ✵
s,ρ
(ω)(R
2d). Then it follows from Proposition 1.7
in [29℄ that if a ∈ ✵s,ρ(ω)(R
2d), then Theorem 6.1 remains valid after
ω(x, ξ, ζ, z) has been replaed by ω(x+ tz, ξ + tζ, ζ, z) and Op(a) has
been replaed by Opt(a).
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